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Abstract 

The core of this work is an old and broadly discussed problem of the electromagnetic radiation in the case of 
the hyperbolic motion. We prove that the radiation is non-zero in the lab (Minkowski) frame. Further, we 
attempt to understand this subject better by using co-moving non-inertial frames of reference, investigating 
other types of uniformly accelerated motion and, finally, using scalar waves instead of point-like particles 
as sources of radiation. 
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1 Introduction 


So far many authors have considered the problem of electromagnetic radiation produced by a uniformly 
accelerated particle in their works (n. 0,0. a. 0,0,0.0, uDi, ini, lEi). Several of them reasoned 
that there is no radiation in this case, the arguments given included the absence of magnetic held in 
the inertial co-moving frame of reference and the fact that the radiation friction force is zero for the 
hyperbolic motion. Here we study this subject from a different perspective and explain in what sense the 
homogeneously accelerated particle does radiate. 

To begin with, let us discuss how we understand the notion of radiation. We say that the radiation is 
present in a system if there is a non-zero energy how through an inhnitely distant surface. One can notice 
that, hrst, such an energy how can be zero with the Poynting vector still being non-zero and, second, 
the energy how is not invariant under general space-time coordinate transformations. There is another 
quantity associated with the radiation, namely, the energy loss of the particle. This quantity is invariant 
under covariant transformations and is equal to for a point-like source with the four-acceleration 

w^. Therefore, it is one of our objectives - to investigate the behaviour of the energy how in diherent 
coordinate systems for a uniformly accelerated particle. Also we will discuss diherent uniform motions 
and diherent sources of radiation. 

The paper consists of three parts. In the hrst part we hnd the solution of Maxwell equations for 
two reference systems: the inertial lab frame (Minkowski frame), where the world line of the particle is 
represented by a hyperbola, and the non-inertial co-moving frame^ (Rindler frame) where the world line is 
a straight line. From the explicit form of the solutions one can conclude that there is only a static electric 
held in the Rindler frame, while the radiation is undoubtedly present in the Minkowski frame.^ 

In the second part the same problem is investigated, though this time we consider a uniformly 
rotating particle, again in two systems: the lab frame and the non-inertial co-moving frame. In this case 
the solutions are much more complex and implicit. It follows that the radiation is present in the Minkowski 
space-time but cannot be dehned in the co-moving frame of reference because the latter is not extendable 
beyond some distance away from the source of radiation, i.e. the resulting coordinate patch is compact. 

The last part is devoted to the interpretation of the radiation source as an excitation of a complex 
scalar held. We examine the theory of one scalar and one vector gauge held with a coupling constant 
being turned on adiabatically in the distant past and turned oh in the distant future. In this theory a 
question of interest is as follows: could an excitation of the scalar held at the past inhnity create vector 
harmonics at the future inhnity? This, if it is possible, can be interpreted as a radiation of the vector 
held by the scalar held source. Here we prove that this process is forbidden in the hat space-time for the 
free scalar waves as sources of radiation. Further, we show that it is allowed for the uniformly accelerated 
scalar excitations in the Minkowski space-time and the free ones in the Rindler frame. Moreover, these 
considerations will allow us to clarify the situation with the point-like source in the Rindler frame. This 
is the most essential part of this work. 

The problem discussed in the hrst part has been studied by various authors, so the results in this 
segment of the article are similar to the ones already obtained by other scientists. We will give a quick 
review of the existing literature in the beginning of the corresponding sect ion. However, in the second part 
the held calculation in the co-moving non-inertial frame is a new result. The results of the third part are 
new as well due to the methods which have not been used for this problem previously. 

2 Uniformly accelerated particle 

This question was originally posed by Born in [1] where he calculated the helds for the uniformly accelerated 
particle in the Minkowski space using the Linard-Wiechert potentials. Later Pauli in |2] argued that there 
is no radiation due to the vanishing of the magnetic held at f = 0. In [5] Feynman claimed that the 
radiation power should be proportional to x'x, thus for the uniformly accelerated charge it is zero and it 
does not radiate. In another paper Bondi and Gold [H] calculated the helds using the representation of 

'^It should be mentioned that we define the co-moving frame of reference as a static coordinate system in which the particle 
under consideration is at rest. Generaly, this frame is not related to the Minkowski space-time by a Lorentz boost, hence it 
is non-inertial. 

^The physical meaning of the obtained results is explained in the “discussion” subsection of each section. 



the uniform accelerated motion as the limit of motions with acceleration switched on for a hnite period 
of time. Using this formalism they concluded that the radiation is present in the system. In another 
article by Boulware ( 0 ) the non-inertial co-moving frame is used, the stress-energy tensor and the energy 
flux are calculated and the presence of radiation in the Minkowski space is established. Moreover, in [5] 
Parrott carefully discusses the Lorentz-Dirac equation, and Lyle in [TU] uses this discussion to prove that 
the radiation friction force is zero for this case. The most complete account of the history of this problem 
can be found in the book by Lyle [10]. Anyone interested in a more broad discussion of previously obtained 
results in this held should consult it. Also similar considerations have been made in the de Sitter space in 

ra¬ 
in the beginning, we introduce two coordinate systems which are used in this part of our work. Then 

the expression for the action is written and the equations of motion resulting from it are discussed in both 
systems. After that we implicitly express the static solution for the vector held in the Minkowski system 
and make a coordinate change to the Rindler one. Finally, we calculate the energy how for both systems 
and conclude that there is no radiation in the Rindler frame, but it is present in the Minkowski one. At the 
end of this part, we analyse the physical meaning of the obtained results in the “discussion” subsection. 


2.1 Introducing two coordinate systems 


To begin with, let us introduce the lab frame and the non-inertial co-moving frame. 

The metric in the Minkowski space-time is given by: = dt^ — dx'^ — dy^ — dz‘^, and in the Rindler 

one: 

= p^dr'^ — dp^ — dy'^ — dz^ with p > 0. One can go from the hrst frame to the second one by the 
following coordinate transformation: 


r = arcth —, p = \/x‘^ — y = y, z = z , 

X 


( 1 ) 


and back by: 


f = pshr, X = pchr, y = y, z = z . 


( 2 ) 


It follows that the Rindler coordinates cover only a part of the hat space-time described by x > \t\. Besides, 
it can be easily observed that they describe the non-inertial co-moving frame for a uniformly accelerated 
particle. Indeed, if we consider a world line f = ^shd, x = ^ chd, y = 0, z = 0, which corresponds to a 
particle moving with constant four-acceleration = —a^, we can rewrite its world line in the Rindler’s 
coordinates in the following form r = 9, p = ^, P = 0, z = 0, i.e. the particle is at rest, and the frame is 
co-moving. 


2.2 Introducing the action and the equations of motion 

Now we shall introduce the Maxwell equations for the case under consideration. The action for the vector 
held in a curved space-time is given by: 


S 


d‘^x\f^ 


Ibvr 




fiiy 



( 3 ) 


Here g = det and = D^A^, — DyA^^ = d^A^ — d^A^. Varying the action with respect to A^ we 
obtain the following equations of motion: 


1 

7 ^ 






( 4 ) 


In order to solve them the Lorentz Gauge is used: 


= 0 ^ d^A, = g^^Vl,A,. (5) 

The equations above can be simplihed in both reference systems with the use of the explicit form for the 
metric tensor and the gauge condition. For the Minkowski space one easily gets: 


OAf, = 4iri„ , 


( 6 ) 







with \3 = . In the Rindler frame it follows that = p and all non-zero Christoffel symbols are 

Fqq = p, Fq^ = so the gauge condition can be rewritten as: 




Ai 

P 


(7) 


Inserting the dehnition of the Rindler metric and (7) into (4) one can obtain the following form for the 
equations of motion: 


[ (□« + ) - 21^ = tojo 


< 


□ 


'R 


+ ^ ) - 


Anji 


( 8 ) 


= dyrjs 

^ OjiAs = AttJs . 


Here: Dr = ^ ^ - d,d^ - 8282 - 8 ^ 83 . 


2.3 Expressing vector field solutions and the energy flow 

In this section we find the solutions for (6) and (8) with a current created by a uniformly accelerated 
particle and, afterwards, calculate the energy flow for both systems. 

To begin with, let us obtain the solutions of (6) by using the Linard-Wiechert potentials for the 
helds in the Minkowski space-time. In order to do so the world line should be parametrized. Here the 
parametrization by the proper time 9 is used: 


z^ = -ch.(a 6 ) 2 ;° = -sh(a6*) 2 ;^ = 0 2 :^ = 0 . (9) 

a a 

Let {t, X, y, z) - be the point in the Minkowski frame where the held is measured. Then, if one introduces 
the three-velocity vector as v{9) = ^ = (th(a0),O,O) and the three-vector IV{9,x^) = x* — R = (x — 
i ch(a6*), p, z), one can write down the expression for A^ in the following form: 


Ao{x^) |R|_(v,R) 

Ai{x^) = 

\R\ = t — z^ = t — ^ sh(a0) , 


( 10 ) 


here the last equation is used to express the radiation proper time moment 6 in terms of x^. The latter 
can be rewritten as t = |R| -|- - sh(a0), and used to simplify the expressions for the held: |R| — (v, R) = 
|R| -|- ish(a6*) — xth(a6') = t — xth(a6'). After we substitute this into (10) it transforms as follows: 


< 


1 


t—xth{a8) 

A _ — th(a0) 

1 t—xth.{aO) 

A 2 = A 3 = 0 

t = |R| - sh(a6*) 


( 11 ) 


This is a suitable moment to make a coordinate transformation to the Rindler frame, i.e. (Ao^Ai) —)■ 
{Aq, Af). From now on the components of A^, which are equal to zero will be omitted. Rewriting A^ as 
functions of p and r, we get: 




ch (a6*) 


— sh(a6*) 


p(shrch(a6*) — chrsh(a6*)) ’ p(shrch(a6') — chrsh(a0)) 

ch(a6') — sh(a6') 


psh(r — 06 ^) psh(r —a 6 *) 


( 12 ) 


Next, to obtain A^, we should use the Jacobi matrix J'f, = which in the case under consideration is 

’ A* ’ 1^0 x’t^ ’ 

given by: 


r = 


p ch r p sh r 
sh r ch r 


(13) 



hence: 


= T’^ A = _ 

^ ^ " psh{T-ae) 


p(ch(a6*) chr — sh(a6*) shr), (shr ch(a6*) — chr sh(a6*)) j = 

1 ' 


= ( cth(r — aO), 


P 


( 14 ) 


After fixing the Lorentz gange there remains a certain gange invariance, more precisely, one can make the 
transformation —>■ — d^aii a satishes the eqnation: 


dnd^a = 


di a 
P 


( 15 ) 


It can be easily seen that a = ln(p) is a correct choice. After the transformation by snch a gange parameter 
one obtains: 

= (cth(r-a0),O) . (16) 

From this we conclude that a homogeneously accelerating particle does not create a magnetic held in the 
non-inertial co-moving reference frame, because Ai are all zeros. 

At last, one can use the fourth equation in (11) to express the vector held solely in the terms of 
P, r,y,z: 


t = |R| H— sh(a6*) 
a 

+ ( - ] ch^(a6') — 2x- ch(aP) + + ( - ] sh^(a6') — 2t- sh(a6*) 


+ 1 = 2ap(ch r ch(aP) — sh r sh(a6')) 


ch(r — aO) = 


a^p^ + aY + a ^ + 1 
2 ap 


and: 


aR _ 

/Aq — 


a^p^ + aY + a ^ + 1 


p^ + y'^ + z"^ + a ^ 


( 17 ) 


( 18 ) 


a/{o?p^ + + a?z‘^ + 1)2 — (p^ _)_ ^2 _|_ ^2 _|_ Q,-2p _ Aa~'^p‘^ 

Thus, the held in Rindler coordinates is time independent. This fact suggests that there is no radiation 
in the frame under consideration. We prove it by showing that the Poynting vector is zero for this frame 
later on. 


given 


Now one can transform back to the Minkowski space-time with the use of the inverse Jacobi matrix 

"k. 




ckz _shr 

p, 

^ chr 


indeed: 




(x, —t, 0, 0) 




aJ (x^ + y"^ a z"^ — + a~Y ~ 4a“^(x^ — t^) 


(19) 


( 20 ) 


To hnish with the hrst part we will calculate the Poynting vector (i.e. S = T°*) and the energy how for 
both coordinate systems. 

For the Rinler frame we have: 


5 = 71° cx cx FYk 1 (21) 

but the magnetic held is zero, Fj^ = 0, hence 5 = 0. And it follows that the energy how is zero as well. 
This once again proves that there is no radiation in this system. 

^However, the resulting expressions for the fields are applicable only in the x -I-1 > 0 region of the Minkowski space-time. 
Fields in the region x-|-t < 0 are necessarily zero because this domain is not causally connected with the particle’s world-line. 
The J-function part of the fields for the region x -I-1 = 0 is omitted in our work, because it will not be needed to calculate 
the energy flux. Full expressions for the fields can be found in [7] or [10] 













In the Minkowski space-time it is known that: 

S = X //| , (22) 

Therefore, before calculating S one should calculate E and H. The simplest way to do so is to calculate 
at first, and then transform it back to the Minkowski frame. 


’ pR _ - 4 pa ^{y'^+z^-p^+a _ 

1 [(p2+j/2+22+a-2)2-4a-2pd®/^ 

>2 


E^ = -dao 


R 


8pa“2^2 


= _ 

^2 [(p2+y2+^2+a-2)2_4a-2p2]3/2 

fpR _ _ Szg-'^p^ _ 

-^3 [(p2+p2+22+a-2)2-4a-2p2]3/2 


The tensor we are going to transform is given by: 


pR _ 

fliy 


( 0 E^ E^ Ei\ 

E^ 0 0 0 

0 0 0 

\-E^ 0 0 0 / 


-E^ 


To do the transformation we should multiply it by the inverse Jacoby matrices from both sides: 

R. = (J-XW-X = 


ch T 

-s^h^ 

P 

0 


V 0 


— sh r 

0 

0\ 


( ° 


eY eY 

EY\ 


/ ch T 

p 

-shr Q qX 

chr 

0 

0 


\-E 

R 

1 

0 

0 

0 


— sh r 

chr 0 0 

0 

1 

0 


\-eY 

0 

0 

0 


0 

0 1 0 

0 

0 

ly 


\-E^ 

0 

0 

oy 


V 0 

0 0 1/ 





/ 

0 


eY 


EY chr 

EYchr \ 




1 


-eY 


0 


—EYshr 

—EYshr 





P 

— 

-EYch 

r 

Ul^shr 

0 

0 




V- 

-EYch 

r 

EY shr 

0 

0 y 


Thus the electric and the magnetic helds in the lab frame are as follows: 

p El Elchr Elchr -E^shr 

P P P P 


H. = 


Elshr 

P 


and the Poynting vector components are: 

ch r sh r 


^1 = 

Using (23) we obtain: 


4:71 


[{EiY + [eiY] , ^2 = 


shr 

471 


T-ir T-ir Q _ 


shr 

47rp2 


ElEl 


And, dually, in terms of x and t: 

51 = 

52 = 
S2 = 


-|- zY chr shr 

7r[(p2 P y2 p ^2 p flr-2)2 _ 4flr-2p2j3 

Sa~^py{y‘^ -\- — p^ + a~Y shr 

7r[(p^ + y'^ + z‘^ + a~‘^Y ~ 4a~‘^p'^Y 
Sa~^pz{y‘^ + z"^ — p^ + a~Y shr 
7r[(p2 + y"^ + z"^ + a~‘^Y ~ 

J- zY 

7r[(x‘^ + y"^ + z"^ + a“2 — EY ~ 4a~‘^{x‘^ — E)Y ’ 


5i = 
^2 = 
^2 = 


8a ^yt{y‘^ + z^ + Y + a 


-2 


X 


7i[{x‘^ + y"^ + z"^ + a~‘^ — EY 

8a~'^zt{y‘^ + z"^ + E + a~‘^ 


4a~‘^(x‘^ 


E)f 


X 


7i[{x‘^ + y‘^ + z'^ + a“2 — EY 


4a~‘^{x‘^ 


p)f 


(23) 


(24) 


(25) 


(26) 


(27) 


(28) 


(29) 



Now, to prove that the above Poynting vector indeed creates radiation we will calculate the energy 
flow through the inflnitely distant surface described by"^ t = + y'^ + with R —)■ oo®. 

We can parametrize it with the use of the spherical coordinates x = Rcos{9),y = Rsm{9)cos{(f)), z = 
Rsm{9)sin{(j)). After the substitution in (29): 




lQa~‘^R^ cos{9) sin^(6') 

^ 7r[a“"^ + sin^(6')]^ 

sin(6*) cos(^)(2/2^ sin^(6') + a“^) 


52 = 


7r[a“'^ + 4:a~‘^R‘^ sim(0)]^ 

Sa~^R^ sin(6') sin(^)(2i?^ sin^(0) + a“^) 
7r[a“^ + Aa~'^R? sin" 


(30) 


To express the flow we need to calculate a scalar product of the Poynting vector and the unit normal 
vector n = (cos(6*), sin(6*) cos(0), sin(6*) sin((;:i)): 


(S,n) = 


9,R^a-^sui\9)i2R^+ a-^) _ sin"(0) 

7r[a“^ + Aa~‘^R^ sin^(0)]^ R-^oo 7r[a“^ + Aa~‘^R^ sin" 


(31) 


Now the energy flow is equal to: 

r p27r 

J= (S,dn)= / d9 d(j)R^ sm{9){S,n) = 
Jn Jo Jo 


d9 


32R^a-*sm\9) 
[a“"^ + Aa~‘^R^ sin" 


(32) 


If R9a >> 1 the function under integration takes the form 2 sS{e) ’ << 1 - 32i?®0^a®. So, the 

whole integral is definitely non-zero, i.e. the radiation is present in the Minkowky space-time. 


2.4 Discussion 

From the above observations one can conclude that the energy flow is non-zero in the Minkowski space- 
time. It can also be seen from the above equalities that if one makes a Lorentz boost so that the particle’s 
velocity is equal to zero (instantly co-moving inertial frame), one gets the expressions for the fields like 
in the Minkowski frame at f = 0 (see (20) and (29)). So, at this single moment of time the radiation is 
absent from the system and the magnetic held is zero. Perhaps, that may explain the reason why radiation 
friction force seems to be zero for a homogeneous acceleration. 

Now we can suggest an interpretation of the results obtained in the Rindler frame case. One can 
see that the magnetic held is vanishing and the electric held is static, so there is no energy flow from the 
particle for all points with p > 0. But it should lose energy in both cases, because the energy loss is an 
invariant under covariant transformations. So we ought to somehow explain this discrepancy. 

One can see that the Rindler coordinate system does not cover the whole space-time, and that there 
exists a light-like surface p = 0 which corresponds to the cone x = f, a: > 0 in the Minkowski coordinates. 
The static coordinate system is not extendable beyond this surface and the radiation is created outside of 
this coordinate patch. I.e. one can conclude that the particle does not create radiation near its position, 
but creates it only outside of the Rindler frame®. It is probably worth stressing that the characteristic 
wavelength of the radiation due to the homogeneously accelerated particle is ^ and, hence, the wave zone 
starts outside of the Rindler horizon. We clarify this situation further in the section 4 using waves as 
sources of radiation in the frames which have been used above. 

"^Usually the surface of constant r = [(x^ + y'^ + z'^ + a~^ — R)'^ — 4a“^(a:^ — R)] is used, and the resulting energy flux is 
equal to |a^, as in the m- 

®We cannot use an infinitely distant surface of finite time, because the radiation created by the particle needs time to 
reach the surface, hence, while taking the limit we should keep the retarded time u = t — r fixed rather than t itself. 

®The similar argument can be found in the reference m- This paper also contains a standard derivation of the electro¬ 
magnetic fields for the hyperbolic motion in both frames analogous to the analysis done here. 










3 Uniformly rotating particle 

It is also interesting to study the situation with another uniformly moving particle as a source of radiation 
and see if this case is similar to the previous one. Thus, in this section we study a uniformly rotating 
charged particle. 

First, we again describe the coordinate systems, which are used below. Second, we express the solu¬ 
tions implicitly in both systems^. In the end we examine the asymptotic behaviour of the electromagnetic 
held near the particle’s position in the co-moving non-inertial frame. 


3.1 Introducing coordinate frames 

In the beginning, as previously, we describe the non-inertial co-moving frame for a uniformly rotating 
particle, i.e. a particle with the world-line given by: 

= T,z^ = Rcos{ut), z'^ = Rsin{uT), z^ = 0. (33) 


To hud the non-inertial co-moving reference system we shall make a transition x, y ^ r, (p, using: 


X = R cos{ut) + r cos{ut + 0) 
y = Rsm{ut) -|- rsin(a;t -f- 0) 





{x — R cos{ujt)y + {y — 


arctg 


y—Rsm(ut) 

x—Rcos{Ljt) 


— ut . 


Rsm{ut)y 


(34) 


It is easy to see that in the above coordinates the world-line of our particle is given by: z^ = t, z^ = 0, z‘^ = 
0, z^ = 0, i.e. this system indeed is a co-moving frame. 

The coordinate differentials are expressed as follows: 


dx = dr cos(0 -|- ut) — dcp ■ rsin(0 -f ut) — dt ■ u{Rsm{ut) + rsin(0 -|- ut)) 
dy = dr sin^cp + ut) + dcp ■ r cos{(j) + ut) + dt ■ u{Rcos{ut) + r cos{(j) + ut)) . (35) 


After substituting them into the formula for the Minkowskian interval we obtain the metric tensor for the 
co-moving frame: 


= dt^ — dx^ — dy^ — dz^ = 

= dt^[l — u‘^{R^ + r'^ + 2ri?cos(0))] — dr^ — dcp'^r'^ — dz^ — 

— 2drdt ■ uRsm{(p) — 2d(pdt ■ ru{r + i?cos(0)) . (36) 


Or in the matrix form: 

/[I — -I--I-2ri?cos(0))] —cad? sin 0 —a;r(r-|-d?cos0) 0\ 

_ —uRsm.(p —1 0 0 

—tar (r-I-id cos 0) 0 —r^ 0 

\ 0 0 0 - 1 / 

for this metric is equal to r, and its inverse can be written as: 

/ 1 —uRsincp — a;(l + -^ COS0) 0\ 

ij _ —taidsin0 ca^i?^ sin^ 0 — 1 ta^-^ sin0(r-|-i?cos0) 0 

^ — ta(l -I- COS0) ca^-^sin0(r -I- i?cos0) ^ [ta^(r-|-idcos0)^ — 1] 0 

\ o"^ 0 0 -1/ 


(37) 


(38) 


3.2 Expressing vector and electromagnetic field solutions 

We have introduced our coordinate systems; now it is time to use the Linard-Wiechert potentials as we 
did before®. Let {t,x,y,z) be, as previously, the point of space-time in which the helds are measured, 

^We were not able to obtain the explicit form in this case because the resulting equation is transcendental. 

®We won’t be rewriting the Maxwell equations for this system explicitly as we did in (8) for the Rindler frame, because 
the resulting equations are too clumsy. 



then the velocity three-vector and the three-vector L* = x* — z'’ have the following form is dehned in 
(33)): 


Then, as we already know: 


v= (—LjRsin(LJT),LjRcos(Ljt),0) 
L = (x — Rcos(ujt), y — Rsin^ur), z) . 


A — I ^ -V 

- l,|L|-(v,L)> |L|-(v,L) 

|L| = t - r . 


From the second equation in (40) it follows that: |L| — (v, L) = t — r -|- ujR(x sin(uT) — ycos(ujT)). And 
using this, the first equation in (40) transforms into: 


A„ = 


^ t — T + Rcj(xsin(cijT) — y cos(ut)) I — cos(ci;r) 

\ 0 


Ru sin (tar) 


Now let us express (40) in terms of r and (j). Dehning %[) = u{t — r), we get: 

t — T + Ru{x sin(a;r) — y cos(a;r)) = t — r — Ru[r sin (^u(t — r) + (fj + R sin(a;(t — r))] = 

ll) 

=- Rru sin('^ + ^) — sin('^) , (42) 

u 


|L|^ = {x — Rcos{ut))'^ + {y — -Rsin(a;r))^ + z^ = 
= 2R^ + z"^ + 2ri?cos(^) — 2R^ cos('0) — 2/?r cos(0 + ^|J) = — . 

Thus (40) obtains the following form: 


A,, = 


± 


^ Rjjj sin(a;r) 

^-i?ra;sin(p+0)-/?2t^sin(^) —R(jj COs{uJt) 


y 2R^ R + z^ + 2rR cos(0) — 2R‘^ cos{^jJ) — 2Rr cos(0 + ^jJ) = ^ . 

It is time to transform the vector held to the non-inertial co-moving frame, i.e. —)■ One can do so 

using the Jacobi matrix, which is given by: 


_ dx’" _ 0 
~ ^ ~ 0 


1 —ru sm{(f) + ut) — Roj sm{ut) ru cos{(j) + ut) + Ru cos{ut) 0 


cos(0 J- ut) 
-r sin(()) J- ut) 
0 


sin(0 J- ut) 
r cos{(j) -f ut) 
0 


Thus: 


/l — Rru'^ cos{(f) + 'ip) — R^u"^ cos('0)\ 

^ _ 1 _ -Ru sin((p + pj) 

* ^-iJr-iJsin(p+0)-i?2^sin(p) —rRuCOs((p + tp) 

[ 0 J ^ 

Fixp, (j), z, r) = 2R^ + r'^ + z"^ + 2rR cos(0) — 2R‘^ cos{^jJ) — 2Rr cos(0 J- '^) — ^ = 0 


Here ■^(r, z, (p) is dehned implicitly by the equation F('0, 0, z, r) = 0. To calculate the electromagnetic 
held one needs to take the partial derivatives of tp. In order to do so one should, at hrst, calculate the 
partial derivatives of F and then use the implicit function theorem. 



Derivatives of F are given by: 

dzF = 2z , drF = 2r + 2R cos(^) — 2R cos('^ + (p) , d^F = —2rR sin(^) + 2rR sin(0 + ip) , 

d^F = —^ + 2i?^sin('0) + 2ri?sin('0 + (p) . (47) 

And tp derivatives by: 


d4,tp = 
dz'ip = 
drip = 


d^E 

—ri?sin(0) -|- rRsin{(p + ip) 

d^F 

— ^ -f R‘^ sin(0) -t- rRsm{ip + ep) 

dzF 

z 

d^F 

— ^ -b i? 2 sin( 0 ) -|- rRsm.{ip + ep) 

drF 

r + Rcos{(p) — Rcos{ip -|- ep) 


(48) 


d^F —^ + R^ sin('^) + rRsmiip + (p) 


Now, one can use (46) and (48) to find an exact form for the electric and the magnetic fields®, but we 
refrain from this here since the resulting formulas are far too complex. Nonetheless, we can make a dehnite 
conclusion about the radiation without the explicit form of the electromagnetic helds. 

3.3 Asymptomatic behaviour of the electromagnetic field in the co-moving 
frame 

We have failed to hnd the exact solution; instead we can hud the asymptomatic form of the implicit 
solution we have found. We aim to examine its asymptotic behaviour near the particle’s position, i.e. 
r = 0, z = 0. In order to do so, we replace 2 : with y • r, where y ~ 1, so that all spatial coordinates are of 
the same order of magnitude. Furthermore, we look for tp in the form oiip = re. Substituting this into the 
last formula in (46), and leaving out everything up to the second order in r (first non-vanishing order), we 
get: 


2R^ + -|- 2rR cos 


2 R^ 




2Rr{cos (p — sin ep ■ er) 






= 0 


1sin^ee^(72^ - —) = 0 . (49) 

Thus e is dehned by a quadratic equation, but from (41) ip = \L\u ip = re > 0, so we should take 

the positive root. Also, we notice that uR is equal to the velocity of the particle, so it is lesser than 1 . 
Therefore e is equal to: 

e uRsin cp + {1 + x^) — (jj‘^R^{cos^ ep -1- x^) 

u 1 — u}‘^R‘^ 

In this approximation the vector held can be rewritten as follows: 


(50) 


_ _ 

^ r[p; — RjjJ sin ep — R^ue] 


/ 1 - RW \ 
—Rjjj sin (p 
-rRu cos (p 
0 


(51) 


Now we are able to calculate F^j^^ components with the use of the following formulas: 

E'P = -drAl , ^ 2 ^, = -d^Al , El = -dzAl , B{ = dzAl , = -d^Al , B^ = d^Al - drA^ . ( 52 ) 

If one dehnes Q ~ 1 as: 

(1 - R^w^) 


QiX:(p) = 


cos^ 0 — X^(l — R?‘u‘^) — 1] a/( 1 + x^ ~ R?u‘^x^) ~ R^^‘^ cos^ (p 


^However, 0 is going to be present in those expressions, so they are still going to be implicit. 


( 53 ) 



then one gets the expressions for the electromagnetic helds in the form of: 


pc _ 

Q{R‘^uj‘^ cos^ (p — 1) 

^2 = 

QR^u^ cos 0 sin (p 

^3 = 

-Qx{l - R^wY 


- 

J.2 ’ 

•) 

r 

j,2 ’ 


- 

—QxRoo cos(j) 

^2 = 

QxR^ sin (p 

^3 = 

QxR^ cos (p 

(54) 

£>1 - 

r 

J.2 ’ 

r 


The energy-momentum tensor can be calculated explicitly, but the resulting expressions are too complex. 
However, it can be stated that all of its components are not zero. 

3.4 Discussion 

Once again we see that the radiation is present in the Minkowki space-time^*^. Furthermore, this time in the 
co-moving frame of reference the helds are static, but the energy-momentum tensor components are non¬ 
zero nonetheless. However, this coordinate patch also possesses a light-like surface aX u{R + r) = 1, beyond 
which the static metric under consideration cannot be extended. Thus, the radiation cannot be dehned 
as an energy how through an inhnitely distant surface because there is none. Moreover, the characteristic 
wavelength of the radiation is of the order of the distance between the source and the light-like surface 
mentioned above, hence, the wave-zone starts beyond the region of space-time covered by the co-moving 
frame. 

The similar analysis for the general situation of an arbitrary accelerated particle can be found in the 
reference [12]. In this article the approximate form of the helds in a neighborhood of the source are found. 
However, alike the results for the asymptotic form for the helds of uniformly rotating particle obtained in 
the section above, this analysis is not useful for the study of radiation, due to its locality. 


4 Wave as a source of radiation 

We have discussed the radiation in diherent coordinate systems for point-like sources. But it is also 
interesting to study other types of sources. Now we proceed to discuss the situation where a scalar held 
excitation is used to create radiation, i.e. the vector held harmonics. First, we introduce the action and 
formulate the problem under consideration more rigorously. Second, we consider the problem for a source 
moving with zero acceleration in the Minkowski space-time to clarify our methods in a simple setting. 
Third, we solve the same problem for the Rindler frame. Fourth, we investigate the case of uniformly 
accelerated harmonics in the Minkowski space-time. In the end we discuss the results and examine the 
connection between this case and the case of the point-like source. A similar situation was considered in 
the de Sitter space in [Tl| and [T2] . 


4.1 Introducing the action 


The theory which we discuss here describes the interaction between a scalar held and a gauge vector held: 


S 



+ (DlAUnDlAl^,!,) - rr?4,-4, , 


(55) 


here D[A\^ = 9^ —The coupling constant e is zero at the past inhnity, then it increases adiabaticly at 
the distant past, stays constant for a long while and, afterwards, is adiabaticly switched oh at the distant 
future to be zero again at the future inhnity. We assume that the time derivative of e is much smaller 
than e itself, so it is omitted. 

Below the equations of motions for both scalar and gauge helds are written and the Lorentz gauge 
for the vector held is assumed: 


+ -^gD[A]^{y/^D[AY) 


= 0 


9^lr}y^^F (Y gF'^Y — 


-ie{(f)*dg(p ~ 


26^4. 


10 


(56) 


This is a well known result. 















We discuss the following process: there is a scalar held excitation and no vector held on the past inhnity, 
and then, after we switch the interaction on, the scalar held can possibly create a vector held excitation. We 
are interested in the resulting vector held in the points of space-time with after the coupling constant is 
turned oh. When the interaction is switched oh the vector held should satisfy the homogeneous equations, 
and, thus, should be expressed in terms of the harmonics. In the calculations below, we assume that the 
coupling constant is much smaller than the amplitude of the scalar held (e << 0) , therefore, we are 
interested in the solution at the linear order in e. Hence, we approximate: 


^ f) 
JM 


[d[A\ 

dricj) — — 2e^Ari(j)(l)* ~ — (pdriCp* 


(57) 


and the system of equations (56) is transformed into: 


0 = 0 
-ie{<p*drj(p 




(58) 


4.2 Free moving source in the Minkowski space-time 

We start by solving our problem in the Minkowski space-time. For this frame the equations under consid¬ 
eration are much simpler: 

[m^ -I- d^](j) = 0 

duFjP = - (pd^cp*) (59) 

d>^A^ = 0 . 


The scalar held harmonics in this case are given by , where p = is a four-vector p^ = (-|- p^, p), 
p is a three-vector and px stands for a four-convolution p^x^. Hence, an arbitrary scalar held can be 
expanded in the following form: 

(p{x) = f d^p . (60) 

Jm? 

With this choice of (p we can write down the expression for the current as follows: 

j =-ie y (i^pid^P 2 ap 2 ip 2 e*^ 2 ^-h J d^pid^p 2 = 

= e j dP‘pidP‘p 2 (pi +P 2 )ap^ap 2 e*(P 2 "Pi)"' . (61) 

Using the Lorentz gauge we transform the equations for the vector held to be of the following form: 

□Hp(x) = i/,(x) . (62) 

In order to solve these equations we can use the Green’s function, dehned by □G(x,?/) = d^'^^x — y); 
indeed, it is easy to check that: 


Hp(x) = / d^yG{x,y)jf,{y) , 


(63) 


is a solution. We want to represent as a sum of the vector held harmonics^^. In order to do so we shall 
Fourier expand the Green’s function: 


□ 


d^k 




d^k 
d^k 




( 2 ^) 




it'k 


( 2 ir) 




d'^k 


\ - k^k“e'“‘'“‘]G{k,y) = 


d‘k 

(Sy 


^ik^x>^-ikij,yf^ 


G{k,y) = 


-k^ki^ 


^For the flat space-time they are given by with = 0. 


(64) 



Here we used the fact that □ acts only on x and the Fourier transformation is reversible. Thus: 


G{x,y) 


(2ir)‘ ' y». (27r)‘ 


i(k,x-y) f dkoe’‘’‘°^^° 2 /°) 

(2vr)3^ 2 % |k|2 - /c2 


(65) 


Here k = {ki, /c 2 , /cs) and x = (x^, x^). 

In onr problem the Green’s fnnction also needs to be of the retarded form; 


G{x,y) = 


d^k 


J{k,x-y) 


dkn 


JkQ{x°-y°) 


(27r)3 Jr 27r (|k| - A:o)(|k| +/co 

= —6{x^ — y^) 


f ei(k.x-y)i 

g*|k|(x 0 -j/ 0 ) 

g-i|k|(a; 0 -?; 0 ) 

L (2vr)3 

2 |k| 

2 |k| 


7 d^k i 

g^|k|(a;‘^-yO)+^(k,x-y) _ ^-7|k|(a:0-y‘^)+i(k,x-y) 

L (27r)3 2|k| 

- 


= —6{x^ — y^) 


We calculate the vector field by the substitution of ( 66 ) and (61) into (63): 


. ( 66 ) 


A{x) = 


d^k , f^ie{y^) 


(2ir) 




2 |k| 


- ?/°)(pi + p2)al^ap,edP^-P^')y 


gj|k|(xO-yO) _ ^ 


(67) 


After integrating over y we get the momentum conservation law in the form of d-fnnction: 

/ - Pi - k)- (68) 

Now we would like to fetch the energy conservation law from the integration over This integral is of 
the form: 


d?/°e(?/°) 6 »(x° - yO)edP^-P^)oy° 




C.C. 


(69) 


To calculate this we can argue as follows. First, we consider the point x to be after the time when e is 
adiabatically switched off, so we can discard the d-function. Second, the e switches on and off adiabatically 
at plus and minus infinities, so in the limit we can take it out from the integral to obtain: 

rT 


lim e 

T^OO 


dy 


o^i(P2-pi)oy° 


-T 


^i\k\{xO-yO) _ ^ ^ 


277e|e‘W-"«((p2 - p,)„ - |k|) - e-‘W'"i((p 2 - p,)„ + |k|)| . 

(70) 


This argument can be made rigorous with the exact calculation, for example, one can take the conpling 
constant to be eqnal to e{y^) = e ■ and in the limit e —)■ 0 and x° —)■ cx) obtain (70). 

Thus, we obtained the following expression under the integral in (67): 

6 (^\p 2 -Pi - k)[e*W"°h((p 2 -Pi)o - |k|) - e-*W"°<5((p2 - Pi)o + |k|)] . (71) 


But it is easy to see that the conditions imposed by the h-functions cannot be satished simnltaneously. 
Indeed, to fnlhll them we should be able to hnd two points on the mass shell described by the upper half 
of the hyperboloid (po)^ = + P^ which are connected by a light-like segment^^. In other words, the 

radiation by a free floating sonrces in the Minkowski space-time is forbidden by the energy-momentnm 
conservation. 

^^This segment represents the energy-momentum 4-vector of the photon which is null. 



4.3 Free moving source in the co-moving Rindler frame 

Now, we repeat the above calculations for the Rindler frame. Equations (58) are transformed as follows: 


[m^ + □/?] 0 = 0 

pn + ^]Ao + ^A,=jo 

[D/j + p\Ai = ji 

'^rA2 = 32 

OrAs = js 

g^^^d.A, = f , 


here ^ — didi — 8282 — ds and = —ie{(j)*dp — (pdf^cj)*) as before. 

For the next step one should hnd the scalar held harmonics, i.e. the harmonics for the operator 
+ □/?. To do so one should use the MacDonald function Ka{px), which satishes the equation: 


r^9 dx 9 

9l + --p" + 


X 


x^ 


Kia{px) = 0 . 


If we denote: 


f{r,p,y,z\a,uj,p,py,p,) = Ki^ipp) • 


-WyV-WzZ 


operator vn? + Dr acts on it as follows: 


(m +n^)/= -p +Py+p^ + m + 


p 2 


/ 


(73) 

(74) 


(75) 


From the above one can conclude that a = and p = + p 2 _|_ p 2 _ jf dehne p = + p2 

and use bold letters to represent transversal two-vectors (for example p = {py,Pz)), the scalar held can be 
expanded as^"^: 


0 = 



rf"po..,pAV(pp)e"'+‘"’'>'> . 


(76) 


If one uses this to calculate the currents, one gets the following expressions:^® 


jo = e dUidU 2 / d^Pld^P 2 [Wl +t^ 2 ]<ipi«a; 2 ,P 2 ^ia;i( 7 'lP)^ia; 2 (P 2 P)e*^'^^ ‘^ 2 )t+i{p 2 Pl,y) 


J = 


7i = 0 , (77) 

dujidu2 [ ci^pid^P2[pi + P2]a*^ . 


From ji = 0 it follows that Ai is the solution of the homogeneous equation, but we are interested only in 
an inhomogeneous part of the solution, so we can set Ri = 0 . As the result we are left with the following 
equations: 



Aq — jo 


(78) 


To solve them we should express the retarded Green’s functions for the two operators given in (78) in 
terms of their harmonics as well. Let us start with the one for the zero component, i.e. Go{x\x'). To hnd 
the harmonics one should notice that: 


dl 


d. 


X 

X 


k‘^ + 


X + 1 


x^ 


\kxKia{kx) = 0 


(79) 


^^The option a = —uj is irrelevant because Kia(x) = K-ia{x). 

^■^We do not use the Iia{x) solutions of the modified Bessel equation in the following expansion because their absolute 
value is not bounded from above at the plus infinity. 

^^Here we are using the fact that Kia{x) is real. It easily follows from the integral representation of the MacDonald 
function: Ka{x) = exp(—x cosht) cosh(at)dt. 



and: 


□ 


2di 


'R 


[kp • /] = 


-k ky -\- 


1 + 

p2 


/, 


(80) 


with / is defined in (74). 

So if we denote u, k) = |k|p • /(r, p, y, z\a, u, |k|, ky, kz), with y = {y, z) , k = {ky, kz) and 

X = (r, p, y), the vector field harmonics are expressed as follows: 

'ilj{x\a,±\/TT~^,k) = |k|pi7ia(|k|p) . e±*v4T^T-j(k,y) ^ 

To express the Green’s function in terms of tj) we should use the following identity: 

1 


S{x — x') = 


'XX' 


2ash7ra 

da -^- Kia{x)Kia[X ) . 


TT^ 


(82) 


With the help of (82) we can obtain an expression for the four dimensional 5-function: 
„ f da f dud'^k 2a sh.7ra 


5(4)( 


X — X = 


7r 3 (27r)3 |k|p 


:K,,(|k|p)ir,„(|k| p')e-G-')-hk,y-y') = 


da f dud‘^k 2a sh na 


-(/^(xIq:, ca, k)'^(x'|Q;, —ca, —k) . (83) 


7r2 Jjgs (27r)3 |k|^p2p' 

We substitute this into the Green’s function definition and repeat the steps which we have done for the 


Minkowski space-time (here T> = 


□r + ^ 


V 


da f dud‘^k 


'r+ JRS (27r)3 
da f dud‘^k 


ilj{x\a,u,k)GQ{x'\a,u,k) = 


VGo{x\x') = — x') 

t 

da f dud‘^k 2a sh ttck 


7^^ 7r 3 (27r)3 |k|VV' 


'ip{x\a, u, k)'0(a;'|Q:, —u, —k) 




77^ (27r)3 


\P^{x\a^uj,k)]GQ{x'\a^uj,k) = / — 


da f dud'^k 2a sh na 


TT^ Jr3 (27r)3 |k|VV' 


'ijj{x\a, u, k)'0(a;'|Q:, —u, —k) 




l + a‘^-u^~ , 2ash7ra , 

-Go{x \a, u, k) = , 3 ^ ^ t{x \a, -ca, -k) 




|k| p2p' 




GQ{x'\a, u, k) = 


2Q:sh7rQ; '^(x'Iq;, —ca, —k) 


|k|^ p' 1 + a'^ — 

$ 


= 7.3 (2-)“ |k|V 

As previously, we take the uj integral using residues: 


da f dud‘^k2ash.na 'ip{x\a,u,k)'ilj{x'\a,—u,—k) 


1 -f- 0(2 — a;2 


(84) 


Go(x\x') = I — 


da f d^k 2osh7ro f da;'0(a;|o, ca, k)'^(a:'|o, —ca, —k) 


71-2 dR2 (27r)2 |k| p' 7 k 27r {jS - u){l3 + u) 


f da 

f d^k 2osh7ro . 

'ijj{x\a, /5, k)'i/j{x'\a, —(3, —k) — '^(a; o, —/5, k)'0(a;' 

1 

Q 

Jr+ 77^ J 

R2(27r)2 

1 |3 , '' 

k p' 

[ 2/3 

J 


e{T - r') , 
(85) 

with j3 = o2. Thus, it is expressed in terms of the vector field harmonics. We also would like to 

rewrite Green’s function in the following form, which would be used in the vector field calculations below: 

do f d^k iopshyro 


Gn(x\x') = - — 


77^ Jr2 (27r)2 |k| i/r+”o2 


i7,,(|k|p)ir,,(|k|p')e*(*^’y-y') 


g*Vl+a^(T-T') _ g g 


6{t — r') . 

(86) 



Now, we shall find the Green’s fnnction for the transversal part of the vector field. As we know already, 
these components satisfy the eqnation D/jA = j. Let us define: 


7(x|n;,a,k) = 

It is easy to check that these are in fact the harmonics for 

If we represent the Green’s function as the following integral: 

d+a f ducPk 


(87) 


G±{x\x') = 


TT^ 


(2ir) 


7 (a;|Q;, w, k)G_L(a:'|Q;, w, k) , 


( 88 ) 




use (82) and the definition of Gj_(a;|a;'), we obtain: 

~ 2q:p' sh ttq; 7(x'|a, —(u, —k) 

G_l(x let, w,k) = 

After we substitute (89) into (88) we get: 

Gj_(x|x') = 


f da 

f dwd^k 2 q(p' sh 

Jr+ J 

( 27 r )3 

|k| 


o? — up' 


-6 {t — t') 


(89) 


(90) 


Integrating over the poles of u to get the retarded form: 
da f d^k ip' sh vra 


G±{x\x') = — 


TT^ J ( 27 r)" 


[7(x|ct, ct, k)7(x'|a;, —a, —k) — 7(x|ct, —a, k)7(x'|ct, ct, —k)] 6 {t — r') = 


da r d^k zp'shyrct 

TT^ J ( 27 r )2 |k| 


A,,(|k|p)A,„(|k|p')e 


/w*{k,y-y') 


gia(r-r') _ 


9{t — r') . 


(91) 


Thus, the retarded Green’s functions for both operators are obtained and expressed in terms of the 
corresponding harmonics. Everything is ready for the calculation of the vector field. Let us start with its 
transversal components: 


A = 


dp'y dr'd^y'Gj_(x|x')j(x') = 
d^k 


f 1 , 1 idoi f ,2 ,2 u k , , ,2 , r T * zp shvret^, ,, 

= - / dujidu 2 dp — / d Pid payT^dr d y e[pi + P2ja^i piaaj 2 ,P 2 —m— - r )x 
Jr\ J |k| 

xKi^^{p,p')K,^,{P2p')Ki4\k\p)Ki^{W^ 

The integral over d^y', leads to: 


^iar^i{ui2—u]i—a)T' _ ^—iar^i{ui2—uJi+a)T' 


dV' 


7(p2-pi-k,y') _ 


= '5‘^'(P2 - Pi - k) 


(92) 


(93) 


The integral over dr' with the limit taken as in the previous subsection, gives: 

dr' 


lim 

T^oo 


-e(r')d(r — r') 


^iar^i{uJ2—(^l—ct)r' ^—iar 


' —'J' Stt 

= e*“'’'d(a;2 — ooi — a) — e“'"'’"d(a;2 — Wi + a) 


(94) 


But because we integrate a over M+, U 2 — oji should be positive in the case a = U 2 — oji and negative in 
the case a = Ui — U 2 - Thus, we can insert d-functions in the integral beside the corresponding d-functions. 
Using all of the above expressions in (92), we get: 


A = 


, ,da f 2 72 72i r 1 * 2 zp'sh 7 ra 

dujidu2dp — / d pid pad k [pi + P2J V,pia^2,P2- 


A,^,(pip')A,^,(p2p')^-(|k|p)A,„(|k|p') 


xe*(^’y)d^2)(p^ - Pi - k) [e*"'^d(a;2 - Ui - a) 9 {u }2 - Ui) - e '"'’'d(a;2 - + Q:)d(n;i - 022)] 


(95) 


^®To see this one may want to use ( 75 ) with m = 0 . 



















Now, if one renames U 2 as ui and vice versa in the second summand of the integral, one obtains: 


A = 


,da 


doJiduj 2 dp '— / d^pid^P 2 a k [pi + P 2 ][«^i piO-, 


TT 


aJl,pi'^<^2,P2 '^‘<Jl,Pl®CJ2,P2J 


2 ip' sh ttq: 


X 


X - Pi - k)e*“"h(a;2 - uii - «)0(a;2 - a;i) . (96) 

Moreover, one can take the integrals with the use of the ^-function and get the following expression: 

, 2 ip' sh.Tia 


A = 


duidu2dp' / d^pid^P2 [Pi + P2][<i,pi«, 


'aJ2,P2 ®<^l,Pl'^a;2,P2J 


■X 


7r|p2 - Pi I 


xAi^j(pip')Aj^2(P2p')^i(a;2-^i)(|P2 - Pl|p)^*(<^2-a;i)(|P2 - PlldOe*^"^" - ^l) • (97) 


Finally, we can express the above result in terms of the differential operator’s harmonics: 


A = - / dUidU2 / d^Pld^P2 [Pl + P2]Ki,piaa;2,P2 -t^l,Pl-a;2,P2 


2 i sh na 


^ClJ^ .m 


7r|P2 - Pi 

x9{u2-uji) [ dp'p'Ki^^{pip')Ki^^{p2p')Ki(^^_^^){\p2 - PiIp') 


'y{x\u2 - 021,022 - 0 ;i,P 2 - Pi)x 

(98) 


So the vector held harmonics are radiated with the transversal momentum and energy equal to the corre¬ 
sponding gap between the scalar states. 

Now we should conduct similar calculations for the zero component of the vector held. We start 

with: 


An — 


d'^p' / dr'd‘^y'Go{x\x')jo{x') = 


= — [ duiduj 2 dp'^ [ d'^pid‘^p 2 -^ 


e[a;i + a;2]a*^,p^a^2,P2^^j^^^:===^(^ - r')Ki^,{pip')Ki^^{p2p') 


iap sh T\a 


TT^ 


X 


xA,„(|k|p)A,„(|k|p')e*^^’y^e 


/ W*(k,y) „*(P 2 -Pi -k,y') 


gi\/l+o^Tgi(a;2—<^l— g— i\/T+<F'Tgi(a;2 —‘<Ji+\/T-HF')t' 


. (99) 


The integral over d^y' will lead to the same d-function as previously, but after we integrate over dr' and 
take the limit we get: 

dr' 


lim 


T^OO 


-T 


2 ti 


e{T')d{T — t') 


giVl-|-«^Tgi(a;2 —<^l — Vl+o^ )t' g—*\/l+o^Tgi(aJ2—f^l+Vl+o^)!"' 


= -oJi- VTT^) - - U 2 - VlT^) . 

d-functions can be rewritten as follows: 


( 100 ) 


d(022 — 02i — VT+”^) = 


yrr 




a 


[h(Q; - a/(o22 - 02i)2 - 1) 6{a + a/( t02 - o;i)2 - 1)]6 '(o 22 - 02i - 1) , 


d(o2i — 022 — Vl + a^) = 


yrr 




a 


[h(Q; - a/(o 22 - 02 i )2 - 1) 6 {a -h A/(oi^^^w 02 TrY)]p(o 2 i _ - 1) . 

( 101 ) 


But as we know under the integral a G M+, so after substituting this into (99) and making the change 
between 02 i and 022 in the second summand, as previously, we end up with: 


An — 


,da 


dujidu2dp'— / d pid p2 d k [021 + 022] [a*^ 0^2, 


'i‘^l,Pl'^‘^2,P2 " '^t<Jl,Pl®a;2,P2J 


2ipsh7rQ; 


Kiuii (pip')77ia;2(T2p')x 


X Ai„(|k|p)Ai„(|k|p')e*^^’^^d(^^(p 2 - Pi - k)e*'’^^^d(Q; - a/ (022 - 021)2 - l)d(o 22 - 021 - 1) . (102) 

After the integration with the use of the d-functions we obtain: 

2 ipsh'Ka 


An — — 


dujiduj 2 dp' / d^pid^P 2 d [toi 022 ] [a* a, 


't^l,Pl“'^2,P2 ®t<ll,Pl'^tJ2,P2J 


7r|P2 - Pi I 


{pip')Ki^^{p2p') X 


- Pil/'Oe 


''icdP2-pi,y)„*(‘^2-t^i)T 


d(o;2 - oil - 1) . 


(103) 



Expressing this in terms of the corresponding harmonics, we get: 


An — — 


iRi 


duidu2 / d^pid^p2[a*^,pia, 


2zsh7rQ: 


W2,Y>2 ®<^1,Pi'^W2,P2J 


0 J 2 - P2 - Pi 

'7r|P2 - Pir 

x[a;i + u:2]0{uJ2 - wi - 1) f dp'Ki^,{pip')Ki^^{p2p')K.^ ^^^_^^^^_^ {\p2 - Pi|p') • (104) 


So the harmonics with similar properties as in the transversal case are radiated, but only if the gap between 
UJ 2 and oil is bigger than^^ 1. The obtained expressions for Aq and A do not vanish and lead to non-trivial 
electromagnetic fields E and B. 


4.4 Uniformly accelerated source in the Minkowski space-time 


We have already studied the case corresponding to a free motion in the Rindler frame. Now, we would 
like to inspect the same question from the viewpoint of the Minkowski space-time, i.e. to consider, as a 
source of radiation, the scalar field excitation which is moving with a uniform acceleration. 

In order to do so we let the vector field to be composed of two parts: a large uniform background 
and a small excitation produced by the scalar field i.e. A^j^ = A^ + a^. We will substitute the background 
into the equations of motion for the scalar field, solve them and, afterwards, use the result to calculate 
the current which will in turn excite a^. 

We take to be of the form (0, —Ef,0,0), which corresponds to the uniform background electric 
field directed along the x-axis. Now, we need to find the scalar field which is given by the following 
equation (we drop in the expressions because it is much smaller than A^)\ 

[m^ + D[A]^D[A\>^](j) = 0 , (105) 

It can be rewritten as: 

[m^ + + n — 2iatdi](j) = 0, (106) 

with a = eE. Now, we shall choose the harmonics to be of the form (j) = In this case /k(^) 

should satisfy the following equation^ 

[m^ -I- + d‘1 -|-k^ -|- 2Q;ffci]/k(f) = 0 (107) 

We would like to find the function /k(t) = fk.{x^) explicitly. After the substitution of "d = ^/at + and 

a = (kj_ = {k 2 , ks)) into the (107), we obtain: 

/k + (« + ^')/k = 0 . (108) 


The solution of this equation can be represented as a linear combination of e 2 ^Fi which 

behaves like a cosine for small d , and 'de~ 2 ~^Fi which behaves like a sine. For d -C a the 

equation for /k tends to the harmonic oscillator equation with the frequency ^/a, so we would like our 
function to behave like an for small d. In other words, at short times (high energies) the harmonics 
that we would like to consider should behave as plane waves. This could be satisfied by the following 
combination!^ 


/k = e' 


iFi 


ai + 1 1 


i-v/a-d iFi 


ciz “ 1 “ 3 3 ,9 

— 2 -'” 


Then, we rewrite it in terms of t and a\ 


/k = exp 

.V 


-i{at + ki 
2a 


iFi 


im 


+ zk^ + a 1 i{at + ki] 
2 a 


Aa 


+ 


+t 




+ k 2 


a 


(^at -|- ki) iFi 


im^ + zk5_ -|- ScK 3 i{at + kiY 


4q; 


a 


(109) 

( 110 ) 
( 111 ) 


should be clarified that the frequencies of the harmonics in the Rindler frame, for example wi, are dimensionless. This 
follows from the fact that the time coordinate itself is dimensionless due to the equality t = arcth(t/a;). 

^®In this section bold letters stand for three-vectors with the exception of kj^ which stands for the transverse two-vector. 
^®It is probably worth stressing that we obtain a non-trivial result for the vector field independently of the choice of the 
time dependent part of the harmonic. 
























Thus, we choose (j) to be of the form; 


(p = j d^papfp{x°)e^^^’^'^ . 

For this choice of 0 the 3-vector part of the current is expressed as follows: 

j= f ci’piii’pja; ap,(pi + p2)e‘<'“"'’‘>/‘ (l”)/p,(l“) . 


( 112 ) 


(113) 


We substitute this current into (63) and integrate over d^yd^k in order to obtain the momentum conser¬ 
vation law, like in the case of the plane waves. Afterwards, we get the following expression: 

J ^|P2 — Pl| 

(114) 

By substituting the explicit form of e{y^) and taking the limit as before and rearranging the summands 
we obtain the following result for the vector held: 


a = - / d pid p 2 


,3 ie{pi + P2)*p,ap^ 


2|P2 - Pi| 


2*|P2-pi|a:°+i(P2-Pl,x) 


<;!/“e-‘l>“-'-l»V;.(!;“)/p,(y'’) - 
J 

(/)/p^(y)l . (115) 


_g-*|P2-Plh°+*(P2-Pl,x) , 


Performing the same manipulations for the zero component of the current we get: 


jo = -ieiy^) / d^pid^P2a; - fpAx'^)fp2ix^)] , 


(116) 


hence. 


0-0 — 


d^Pid^P2dy^ 


e(y° 


2|P2 - Pi 




■l«-''''‘"”-''“)-cx|[/;.(x»)4(a:»)-/~(a:»)/p,(x»)|, 

(117) 


and, hnally, 
Oo = - 


d^Pid^P2 


o*|P2-Plh°-|-i(P2-Pl,x) 


2|P2 - Pil 

-*|P2-Plh°+i(P2-Pl,x) 


dy^e 


o^-i\P2-Pi\y°\f> (,P\_ f'* 




dy^e 


(/)/•(!/") - /“(!/")/„(!/")l 


(118) 


Thus, we have obtained the sum of two vector harmonics with the momentum equal to the gap between 
the momentum of the scalar states. The expressions for ao and a do not vanish and lead to non-trivial E 
and B as in the previous subsection. 


4.5 Discussion 

From our considerations, it follows that in the hat space-time a free scalar held does not produce an 
excitation of the vector harmonics, but uniformly accelerated scalar harmonics create a non-zero vector 
held. This observation corresponds to the fact that free particles in the hat space-time do not radiate, but 
uniformly accelerated ones do. For the general situation in the Rindler frame the resulting vector held is 
non-zero. However, this ehect can be attributed to the transversal part of the cnrrents. Indeed, if one 
restricts his consideration to the scalar harmonics with p = 0 one will get that 7 (a;|a ;2 — <^i ,<^2 — wi, 0 ) = 
-^ 7012 - 011 )(0 ■ The latter expression does not depend on spatial coordinates and leads to a 

vanishing oq and a at the fntnre inhnity. In other words, the radiation in the co-moving Rindler frame is 
not possible only if the value of the transversal momentnm stays constant. This result nicely matches with 
the point-like source case. Indeed, in the hrst part of this work we have considered a point-like stationary 
particle (transverse momentum is zero) and the radiation was absent. A particle moving uniformly in the 
transverse direction in the Rindler coordinates has a complicated world line in the Minkowski space-time, 
so it is not trivial to hnd the fields it generates. However, this correspondence can be used to predict that 
the transversely moving point-like particle radiates even in the Rindler frame. 
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